We study relaxation properties of one dimensional nonlinear lattices which are initially thermalized and subsequently put intp contact with a cold bath simulated by absorbing boundary conditions. We observe a nonexponential lattice energy relaxation in contrast to the standard exponential relaxation law of the corresponding linear system. We connect the long-tail relaxation behavior with the presence of long-lived nonlinear localized modes. The mobility of the breathers is shown to play a substantial role in the lattice relaxation properties. [S0031-9007(96)01862-5] PACS numbers: 63.20. Ry, 63.20.Pw It is well known that glass and spin-glass materials exhibit nonexponential slow relaxation properties [1] . Such behavior is usually considered the consequence of a complex hierarchy of local minima in the energy of the system. These metastable states trap in their neighborhood the configuration of the system for very long times, leading to a slowing down of its dynamics. The aim of this Letter is to present numerical results related to extended nonlinear dynamical systems that were obtained with a simple method borrowed from the standard techniques for studying glasses. It is shown for the first time that there exist certain dynamical systems which, even though they do not exhibit any metastable states at all, nevertheless exhibit unambiguously slow relaxation behavior similar to those of glasses. In our numerical experiments, the slowing down of the dynamics is due to the spontaneous formation of dynamical structures which persist for long times and play the same role as the metastable states in glasses. These dynamical structures were found to consist of random distributions of pinned or weakly mobile breathers [2] [3] [4] [5] [6] [7] [8] [9] [10] .
It is well known that glass and spin-glass materials exhibit nonexponential slow relaxation properties [1] . Such behavior is usually considered the consequence of a complex hierarchy of local minima in the energy of the system. These metastable states trap in their neighborhood the configuration of the system for very long times, leading to a slowing down of its dynamics. The aim of this Letter is to present numerical results related to extended nonlinear dynamical systems that were obtained with a simple method borrowed from the standard techniques for studying glasses. It is shown for the first time that there exist certain dynamical systems which, even though they do not exhibit any metastable states at all, nevertheless exhibit unambiguously slow relaxation behavior similar to those of glasses. In our numerical experiments, the slowing down of the dynamics is due to the spontaneous formation of dynamical structures which persist for long times and play the same role as the metastable states in glasses. These dynamical structures were found to consist of random distributions of pinned or weakly mobile breathers [2] [3] [4] [5] [6] [7] [8] [9] [10] .
The existence of breathers, i.e., localized nonlinear periodic oscillations in extended discrete nonlinear systems, is well established [5] . Breather solutions have been proved to be linearly stable and robust under small perturbations in a wide class of nonlinear models [9] . They might be rather mobile or strongly pinned to the lattice depending on the specific model and its parameters. When they exist, these nonlinear localized modes show up spontaneously in the dynamics of nonlinear systems and may change substantially system characteristics, especially in regard to their thermal properties. In such nonlinear systems at finite temperature, a breather can act as a localized hot spot, i.e., a local accumulation of energy, which might be pinned in the lattice or may travel through it. When several pinned breathers exist in the system, part of its energy is trapped for a long time at these hot spots even though some energy exchange between breathers is possible through phase fluctuations. The lower the density of breathers, the weaker the rate of energy transfer will be. This should be contrasted with the corresponding situation in linear systems where only phonons contribute to the energy transfer. In that case local energy accumulation spontaneously generated by thermal fluctuations relaxes shortly, independently of amplitude.
The thermal shock numerical experiments we performed on several nonlinear models, chosen for having different breather properties, are motivated by analogous but real experiments (Refs. [11] [12] [13] ) performed on real glassy systems. We considered one dimensional chains of anharmonic oscillators with free ends and also, for comparison, the harmonic systems which are equivalent at low temperature. The isolated system is put initially in a state at a given temperature T. Subsequently, at time zero, our system is put into contact with a bath at zero temperature and spontaneously commences relaxation towards its ground state. In our numerical experiments a number of end oscillators of the chain are submitted to an additional damping force and thus act as a heat sink for the thermal energy accumulated in the chain. We observe the relaxation rate of the total energy of the system.
The Hamiltonian of our one dimensional chain of N oscillators has the form
where u n is the dimensionless displacement of the nth oscillator from equilibrium, ᠨ u n its velocity. W͑u͒ is the nearest-neighbor coupling potential which is for most examples tested here, W ͑u͒ k 2 u 2 . The constant k measures the strength of this coupling. V ͑u͒ is a nonlinear on-site oscillator potential. We tested (i) the "hard"
2 . Both cases are approximate by the same harmonic potential V ͑u n ͒ 1 2 u 2 n at low temperature.
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The lattices are originally brought into contact with a heat bath at temperature T (in units of lattice energy; Boltzmann's constant is taken equal to unity), for example, through the Nose method [14] . After the thermalization procedure is over we turn off the connection with the bath at temperature T and bring the lattice into contact with a zero temperature bath by adding damping to the system edge atoms.
Being in a nonequilibrium state the lattice evolves towards equilibrium through the equations of motion:
where L and R denote all left-end and right-end contact oscillators, respectively, and d denotes the Kronecker delta.
In Figs. 1 and 2 we present the basic results of our numerical study for the nonlinear potential of case (i). In Fig. 1 we show the spatiotemporal energy landscape of the lattice by plotting the local energy density in each lattice site and follow the thermalization process in time. The local energy density is the symmetrized total energy in each lattice site. In Fig. 2 we plot the normalized total lattice energy as a function of time for the temperature cases portrayed in Fig. 1 and also compare with the corresponding linear system. In Fig. 1 dark regions correspond to large local energy accumulation, whereas white regions designate low energy density. The case of temperature T 1 corresponds to high energy for our energy scale. We note the clear presence of essentially pinned long-lived breathers that block the energy propagation towards the system edges. We also observe some creation and annihilation of localized modes. The breather structures seem to be opaque to local phonon mode propagation and as a result the system is completely partitioned in thermal cells. The macroscopic manifestation of this microscopic energy picture is clearly seen in the corresponding energy relaxation curve of Fig. 2 . In the latter we observe an effective absence of relaxation after an initial small decay. When the system is thermalized to smaller temperatures [ Fig. 1(b) ] the breather content is lower while the breathers are now mobile. Because of breather creation and annihilation there is more de-trapping of energy, and as a result the energy decay of the system is faster (Fig. 2) . We note that energy relaxation is still distinctly nonexponential and much slower than the exponential relaxation of the corresponding linear system also shown in Fig. 2 for comparison. In this intermediate regime, breather mobility contributes to the thermal relaxation properties of the lattice.
When the system temperature is reduced further, the breather size increases, and they quickly disappear from the picture; the energy relaxation is now completely phonon dominated since at small temperatures only the linear part of the potential is effective and thus energy relaxation proceeds in the usual exponential fashion (Fig. 2) . We note that similar results were obtained for the homogeneously nonlinear case of the potential V ͑u͒ 1 4 u 4 with the exception being that at small temperatures, due to the absence of phonon modes in this system, energy exchange is dominated by breathers diverging in size [15] .
Having tested the case of the hard f 4 potential we now turn to the soft Morse potential. The two nonlinear on-site potentials result in quite different breather properties at zero temperature. While in the hard f 4 potential moving breathers were not identified at zero temperature, in the case of the Morse potential they do exist. Furthermore, Morse breathers exist below the phonon band that starts at the frequency of the linearized potential, viz., at frequency one, and extends to p 1 1 4k. Before a sideband of a breather of frequency v b enters in the linear phonon spectrum the breather becomes unstable and decays [10] . An approximate maximal coupling where this instability that separates stable from unstable breathers occurs when 1 1 4k c 2, viz., at k c 3͞4. As a result we expect that to the extent that breathers are responsible for energy relaxation in nonlinear systems there will be a drastically different pattern in the equilibration for coupling values much smaller than the ones in the vicinity k c . In Fig. 3 we show the "microscopic" flows of energy redistribution and relaxation for the Morse lattice at temperature T 0.001 and two coupling constants k.
The energy landscape picture shows the existence of various regimes. At small coupling (k 0.01) robust breathers are formed that are relatively immobile, but certainly much more mobile that the ones of the hard f 4 potential lattice. At larger coupling (k 0.05) the breathers become quite mobile, while at even further larger coupling they quickly diverge in size and thus assist in incoherent thermalization [15] . This microscopic picture is manifested in the macroscopic energy relaxation shown in Fig. 4 . We note the clear nonexponential nature of the relaxation in the small and intermediate coupling regimes while there is an exact exponential relaxation curve in the high coupling regime. Near the coupling value k 0.4 the Morse breather changes stability properties and becomes an unstable breatherlike extended phonon mode [10] .
Although the system we studied has only one degree of freedom per unit cell, the existence of stable breathers is not subjected to this condition since we know that they can persist very generally in systems at any dimension and with many degrees of freedom per unit cell including acoustic phonons. The discrete breather induced phenomena of slow nonexponential relaxation that are shown here FIG. 4 . Normalized averaged lattice energy decay as a function of time for the Morse lattice. We consider an initial thermalized state at T 0.001 and vary the nearest-neighbor coupling k. The unit of time is equal to one oscillation period of the linearized local potential. The vertical lines are error bars over ten realizations. The distinctly nonexponential approach to equilibrium followed by long-lived saturation effects at small couplings are evident.
to be generic to discrete nonlinear lattice systems should also have distinct signatures in observables other than the energy distribution relaxation tail. They are expected to appear in equilibrium dynamical correlation functions evaluated at long times through long molecular dynamics simulations [16] . Furthermore, the effect of breathers in thermal system properties can be accentuated through the systematic introduction of spatially distributed thermal gratings. In this case we could partition the system into well separated, long-lived thermal cells that could be probed experimentally [15] . The glassy nature of extended discrete nonlinear systems found here could be connected to the well known slow thermalization properties of the Fermi-Pasta-Ulam model. Finally, it is possible that localized breather modes play also some role in the real glassy systems, an implication that is currently under investigation.
